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Reduction in thermal conductivity

Cross-plane transport in SL → Coherent phonon scattering at interfaces

If layer thickness a < ℓ, the thermal conductivity of the lattice κph is reduced.

(C lattice heat capacity, υ speed of sound, 

ℓmean free path of phonons)

a



Phonon scattering

Superlattices, composites, quantum dot SLs, random multilayers

MD Simulation
[Frachioni, White: J Appl Phys 112 (2012) 14320]

simulated thermal conductivities of 0.015 W/m-K at a mass
ratio of ten and 0.050 W/m-K at a mass ratio of four, repre-
senting thermal conductivity reductions of a factor of 10 000
and 3000, respectively. However, when the mass-altered
atoms no longer reside solely in the randomly selected
planes, but are located about a randomly selected plane as
determined by the Gaussian probability distribution function,
the thermal conductivity is found to increase by approxi-
mately an order of magnitude over that of the ideal random
multilayer structure. The thermal conductivity of the mass
disordered random multilayer remains below that of both the
random alloy and the superlattice structure for all cases
where size effects can be safely ignored in the simulations.

To understand these results, we calculate the inverse par-
ticipation ratio, R ¼

P
i ðwiw

#
i Þ

2, where wi is the displace-
ment of the ith atom in the eigenmode w; for atoms in a 200
atom one-dimensional chain where the atoms are connected
to nearest neighbors through an idealized harmonic potential
with a spring constant chosen to produce the correct longitu-
dinal speed of sound in silicon. As in the three-dimensional
solids examined by molecular dynamics simulations, 20% of
the atoms in this chain are randomly selected to have their
mass altered. Examination of the eigenmodes indicates that
for R> 0.015, the modes are localized with a localization
length smaller than the size of the lattice. In Figure 3, the per-
centage of modes localized in this simple one dimensional
model as a function of mass ratio is plotted indicating that at
mass ratios greater than approximately four, 90% of the
vibrational modes are localized and thus, in the limit of a har-
monic solid, have zero lattice thermal conductivity. Also
included in the inset of Figure 3 is the absolute value of the
atomic displacement for a typical eigenmode (from a system
with mass ratio of four) whose inverse participation ratio is

greater than 0.015. The displacements for these modes show
an exponential decay of the displacement in space, a charac-
teristic of Anderson localized eigenmodes.41,42 We empha-
size that this localization is not simply the result of the solid
containing interfaces between the mass-altered and regular
lattice planes given that the superlattice structure contains the
same number of such interfaces.

As further evidence that Anderson localization is re-
sponsible for the dramatically reduced thermal conductiv-
ities, we examined the temperature dependence of the
thermal conductivity in the simulated solids. Because of the
classical nature of the molecular dynamics simulations, all
phonon modes are active in the solid at all simulated temper-
atures. Thus, the variation of thermal conductivity with tem-
perature reflects, mainly, the variation in phonon-phonon
scattering (mode coupling) due to the strength of the anhar-
monic terms in the potential. In Figure 4, the temperature de-
pendence of the thermal conductivity is shown for the largest
mass ratio explored, ten. In the case of the random alloy, the
thermal conductivity is seen to be essentially constant in
temperature due to the temperature independent nature of the
alloy scattering in a classical simulation environment. In the
case of the superlattice structure, the thermal conductivity is
seen to increase with decreasing temperature, as expected for
a solid whose normal modes are plane waves (i.e., extended
states) and where phonon-phonon scattering is reduced as
the magnitude of the anharmonic terms in the potential are
reduced with decreasing temperature. In the case of the ran-
dom multilayer structures, the thermal conductivity is seen
to decrease as the temperature is decreased. This behavior is
typical of that seen in amorphous materials43 where a signifi-
cant fraction of the vibrational modes is believed to be local-
ized and the anharmonic terms in the potential enable mode
coupling, producing a nonzero lattice thermal conductivity.44

To estimate the impact such a low lattice thermal con-
ductivity could have on the thermoelectric properties of

FIG. 3. The percentage of modes localized as a function of mass ratio for an
ideal one-dimensional mass and spring lattice. The spring constant was cho-
sen to produce the correct speed of sound in silicon. Inset: The absolute
value of the atomic displacement as a function of position for a representa-
tive eigenmode with inverse participation ratio, R> 0.015 of the one-
dimensional ball-spring model in which mass ratio four atoms are randomly
placed in the lattice. The eigenmode clearly shows the exponential decay
typical of Anderson localization.

FIG. 4. Simulated thermal conductivity as a function of temperature for ran-
dom multilayer (blue), disordered random multilayer (red), random alloy
(yellow), and superlattice (green) silicon based solids where the mass ratio
of the mass-altered atoms is ten.
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MBE of Si–Ge layers

Ge 0.2…10 nm

Si–Ge SL

Si capping layer

✦ Stack of alternating layers of Si and a Si1 – xGex alloy 

✦ Precision of single layers: ± 0.2 nm

Si buffer layer

Si 1.5…12 nm



Quantum dot Si–Ge superlattice

✦ (001), (111) orientation of the Si substrate

✦ Si (111) → flat layers

✦ Si (100) → Ge islands (density ~ 109…1011 cm-2)

Si substrate

10…30 nm

3…5 nm

Quantum dot (Ge island)

100 nm

AA Tonkikh et al Thin Sol Films (2011) 
doi: 10.1016/j.tsf.2011.10.049



3ω measurements

✦ Deposition of a 100 nm insulating Al2O3 layer by ALD

✦ Reference sample without the multilayer structure

✦ Differential 3ω measurement of the thermal conductivity 
of thin films, U3ω = f(κ)

Al2O3Al2O3

Substrate + Buffer
Substrate + Buffer

Multilayer

w w

df



Thin film thermal conductivity

1D heat flow

Measurement with one bolometer 
stripe, width 2b ⨠ df

ΔΤf → 1D thermal conductivity κ1D

2D heat flow

Measurements with two bolometer stripes, 
b1 and b2 

ΔΤf → in-plane thermal conductivity κ||                   

→ cross-plane thermal conductivity κ⊥

ΔΤf
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Superlattices

Ge content

1.7 % 3.5 % 17 %

10 nm 50 nm 10 nm

0.2 nm Ge + 3.3 nm Si

171×, ≈ 600 nm

1.6 nm Ge + 12 nm Si

39×, ≈ 600 nm

2 nm Ge + 1.5 nm Si

171×, ≈ 600 nm



Thermal conductivity of periodic SL

17 % Ge, period 4.5 nm

1.7 % Ge, period 4.5 nm

1.7 % Ge, period 4.5 nm

3.5 % Ge, period 13.6 nm

3.5 % Ge, period 13.6 nm

In-plane and cross-plane thermal conductivities for SLs 
with different Ge contents and periods
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Random multilayers

Ge content

2.9 % 3.3 %

20 nm

1.2 nm Ge + 12 nm Si

1.2 nm Ge + 12 nm Si
1.8 nm Ge + 12 nm Si

0.9 nm Ge + 12 nm Si

1.6 nm Ge + 12 nm Si

6×, ≈ 600 nm

0.6 nm Ge + 4.1 nm Si

0.3 nm Ge + 5.1 nm Si
0.8 nm Ge + 4.8 nm Si

0.6 nm Ge + 5.7 nm Si

0.6 nm Ge + 3.8 nm Si

34×, ≈ 940 nm



Results of random multilayers

κ||

SL

Random multilayer

SL

Random multilayer

κ⊥

Thermal conductivities in a random multilayer (2.9 % Ge) 
in comparison to a superlattice( 3.5 % Ge).
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Defect issues

thermal (>1010 cm!2 dislocation density) conductivities,
with the electrical conductivity exhibiting the greatest
decrease. This results in a sharp decrease in the ratio of the
electrical to thermal conductivities, which cannot be com-
pensated for by the associated increase in the Seebeck coeffi-
cient (thermoelectric power), indeed due to the dominance of
the dislocation density the Seebeck coefficient has begun to
saturate within this region.

IX. IMPACT OF DISLOCATION SCATTERING ON THE
THERMO-ELECTRIC DESIGN OF THE N AND P-TYPE
QUANTUM WELLS

The dependence of ZT for our designs is evaluated for
threading dislocation densities from 1" 104 cm!2 to
1" 1014 cm!2. This is sufficient to cover the published range

of dislocation densities obtained in the growth of strained Ge
heterolayers on Si. These dislocation densities vary from
1" 106 cm!2 to 1" 1010 cm!2 (Refs. 50 and 51) the varia-
tion being dependent on the substrate thickness and growth
conditions. The effect of the dislocation scattering on the
thermoelectric figure of the dimensionless figure of merit ZT
(T¼ 300 K assumed) for the individual designs is shown in
Fig. 5, for both the p-channel and n-channel designs. We can
clearly see that for both electrons and holes that the effect of
dislocation scattering has little effect on the dimensionless
figure of merit, below a dislocation density of $108 cm!2.
Above this density, dislocation scattering becomes increas-
ingly important and the thermoelectric figure of merit drops
rapidly. Below a dislocation density of $108 cm!2, the
figure or merit for the holes actually increases by a small
amount as can be seen most clearly from the insert in Fig. 5,
which shows the figure of merit Z. The reason for this is that
although dislocation scattering has a negative impact on both
electrical and thermal transport, the critical factor is the ratio
of the electrical to the thermal conductivity as compared to
the Seebeck coefficient. As discussed in the previous section
the mechanism for this small increase is due to an enhance-
ment in the Seebeck coefficient from dislocation scattering,
Fig. 2, as the Seebeck coefficient is associated with the
entropy per charge carrier.

X. CONCLUSIONS

We have investigated the impact of the dislocation
density for both components of a quantum well Si/Si1-xGex

thermoelectric module consisting of n-channel and p-chan-
nel Si/Si1-xGex quantum well structures. We have shown
that the thermoelectric figure of merit for both the n and
p-channel components remains acceptable for many applica-
tions up to a dislocation density of $108 cm!2 and then
decreases rapidly.

FIG. 4. (Color online) (a) The phonon contribution to the thermal conductivity j (W=Km) as a function of the dislocation density from 0 to 1014 cm!2 for the
p-channel Si1-xGex design discussed in the text. The individual contributions are denoted as follows: The thermal conductivity for the strained Ge quantum
wells: (red squares). The thermal conductivity for the Si0.3Ge0.7 barriers: (black triangles). The weighted average of the thermal conductivity for the quantum
wells and barriers: (green diamonds). (b) The phonon contribution to the thermal conductivity j(W=Km) as a function of the dislocation density from 0 to 1014

cm!2 for the n-channel Si1-xGex design discussed in the text. The individual contributions are denoted as follows: The thermal conductivity for the strained Si
quantum wells: (red squares). The thermal conductivity for Si0.5Ge0.5 barriers: (black triangles). The weighted average of the thermal conductivity for the
quantum wells and the barriers: (green diamonds)

FIG. 5. (Color online) The dimensionless thermoelectric figure of merit ZT
(T¼ 300 K assumed) as a function of the dislocation density from 0 to 1014

cm!2 for the n-channel design (blue solid-line with circles) and the p-chan-
nel design (red dashed-line with circles) as discussed in the text. The ther-
moelectric figure of merit Z (T!1) as a function of the same dislocation
density is shown in the inset.
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(a) Ge quantum well
(b) Si0.3Ge0.7 barrier
(c) Weighted average (a + b)



Conclusions

[Frachioni, White: 
J Appl Phys 112 (2012) 14320]

Mass ratio

under constant pressure and temperature conditions was used
to equilibrate these systems.

Following initial equilibration, a RNEMD technique34

was employed for determination of thermal conductivity.
Periodically, atoms with the smallest energies in a region at
the center of the sample were exchanged with atoms having
the largest energies at the ends of the sample. The regions of
energy (and momentum) exchange were confined to one
[001] lattice plane at each end of the sample and a pair of
[001] lattice planes at the center. The thermal conductivity
of the solid was determined from the extracted energy flux
and the corresponding temperature gradient developed as a
result of this energy exchange.

To verify the appropriateness of the Stillinger-Weber
potential in these simulations, the thermal conductivity of
silicon containing its natural isotopes (4.6% 29Si, 3.1% 30Si,
92.3% 28Si) was determined using a Green-Kubo based equi-
librium molecular dynamics (EMD) technique, the details of
which can be found in Refs. 35–37. A 512 atom system
(4! 4! 4 unit cells) was equilibrated at 300 K followed by
extraction of the heat current autocorrelation function from
data generated out to 5! 106 time steps (5 ns). The derived
thermal conductivity using this approach was 160 W/m-K
for silicon containing its natural isotopes, in good agreement
with experimental data at 300 K (Ref. 12) and other EMD
derived values for silicon containing its natural isotopes.38

We note that in the case of an isotopically pure 28Si solid,
the simulated 300 K thermal conductivity is approximately
220 W/m-K in agreement with previous equilibrium molecu-
lar dynamics simulations of this material.38,39

Four types of solids were examined in this work
(Figure 1). In each case, 20% of the atoms were mass-altered
in the form of either (1) a random alloy in which the mass-
altered atoms were randomly distributed throughout the solid;
(2) a superlattice in which the mass of each atom in every fifth
[001] lattice plane was altered; (3) a random multilayer in
which the mass of each atom in randomly selected [001] lat-
tice planes was altered; or (4) a disordered random multilayer
in which the mass-altered atoms were distributed about the
random multilayer mass-altered planes as determined by a
Gaussian probability distribution function with a standard
deviation of one lattice plane. In the case of the random multi-
layer, 80 atomic planes (corresponding to 20% of the atoms)
were randomly selected using a pseudorandom number gener-
ator that produced a uniform probability distribution in the
range from zero to one, with the mass of atoms contained in
the atomic plane being altered when the random number gen-
erator produced values less than 0.2.40 In all cases, to elimi-
nate issues associated with poorly known potentials and to
focus on the opportunities presented solely by mass disorder,
the bonding remained that of Stillinger-Weber silicon.

III. RESULTS AND DISCUSSION

The simulated thermal conductivity at 300 K as a func-
tion of mass ratio (pseudomorphically grown layer atomic
mass/silicon mass) is shown in Figure 2 along with the experi-
mental data from reference 12 for silicon (containing its natu-
ral isotopes). Isotopically pure silicon simulated using the
reverse equilibrium molecular dynamics technique shows a
substantial reduction in lattice thermal conductivity when
compared with the experimental data and the EMD simulated
data, due to the artificially reduced phonon mean free paths
provided by the finite size of the simulation box. For the mate-
rials simulated here, thermal conductivities less than 1 W/m-K
were verified to be free of size effects by doubling the length
of the simulated structure in the [001] direction and observing
no change in lattice thermal conductivity.

In the case of the superlattice structure, the thermal con-
ductivity decreases from a size effect limited value of 20 W/
m-K to a value of approximately 0.5 W/m-K as the mass ratio
is varied from 1 to 10. We note that this range is experimen-
tally accessible with the column IV elements Ge (mass ratio
2.6), Sn (mass ratio 4.2), and Pb (mass ratio 7.4). A decrease
in the mass ratio from 1 to 0.1 (noting that C produces a mass
ratio of 0.43 and H a mass ratio of 0.03) also produces a no-
ticeable reduction in the lattice thermal conductivity for the
superlattice structure. In the case of the random alloy, the
reduction in lattice thermal conductivity is found to be similar
to that found in the cases of the superlattice structure.

The results for the random multilayer show a substan-
tially reduced lattice thermal conductivity over both the
random alloy structure and the superlattice structure with

FIG. 1. A schematic of the four silicon like solids explored in this work. (a)
Random multilayer, (b) disordered random multilayer, (c) superlattice, and
(d) random alloy.

FIG. 2. Simulated thermal conductivity as a function of mass ratio for the
indicated silicon based solids at 300 K. Ideal random multilayer (blue), mass
disordered random multilayer (red), random alloy (yellow), and superlattice
(green).
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Si:Ge 1:2.6✦ Lowest κ⊥ for SL with highest Ge content
✦ κ⊥ a function of the SL period

[cf. e. g. Rawat et al: J Appl Phys 105 (2009) 
024909]

✦ Only a small reduction in κ⊥ for random 

multilayers   compared to SL  observed 
due to low mass ratio in the multilayers 
investigated so far

→ With higher Ge content,

    0.1 W K-1m-1 may be expected !
✦ Random multilayers exhibit a decrease 

in κ|| by ≈ 50 % 
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Thermal conductivity of Si–Ge nanostructures

[Frachioni, White: 
J Appl Phys 112 (2012) 14320]

Mass ratio

under constant pressure and temperature conditions was used
to equilibrate these systems.

Following initial equilibration, a RNEMD technique34

was employed for determination of thermal conductivity.
Periodically, atoms with the smallest energies in a region at
the center of the sample were exchanged with atoms having
the largest energies at the ends of the sample. The regions of
energy (and momentum) exchange were confined to one
[001] lattice plane at each end of the sample and a pair of
[001] lattice planes at the center. The thermal conductivity
of the solid was determined from the extracted energy flux
and the corresponding temperature gradient developed as a
result of this energy exchange.

To verify the appropriateness of the Stillinger-Weber
potential in these simulations, the thermal conductivity of
silicon containing its natural isotopes (4.6% 29Si, 3.1% 30Si,
92.3% 28Si) was determined using a Green-Kubo based equi-
librium molecular dynamics (EMD) technique, the details of
which can be found in Refs. 35–37. A 512 atom system
(4! 4! 4 unit cells) was equilibrated at 300 K followed by
extraction of the heat current autocorrelation function from
data generated out to 5! 106 time steps (5 ns). The derived
thermal conductivity using this approach was 160 W/m-K
for silicon containing its natural isotopes, in good agreement
with experimental data at 300 K (Ref. 12) and other EMD
derived values for silicon containing its natural isotopes.38

We note that in the case of an isotopically pure 28Si solid,
the simulated 300 K thermal conductivity is approximately
220 W/m-K in agreement with previous equilibrium molecu-
lar dynamics simulations of this material.38,39

Four types of solids were examined in this work
(Figure 1). In each case, 20% of the atoms were mass-altered
in the form of either (1) a random alloy in which the mass-
altered atoms were randomly distributed throughout the solid;
(2) a superlattice in which the mass of each atom in every fifth
[001] lattice plane was altered; (3) a random multilayer in
which the mass of each atom in randomly selected [001] lat-
tice planes was altered; or (4) a disordered random multilayer
in which the mass-altered atoms were distributed about the
random multilayer mass-altered planes as determined by a
Gaussian probability distribution function with a standard
deviation of one lattice plane. In the case of the random multi-
layer, 80 atomic planes (corresponding to 20% of the atoms)
were randomly selected using a pseudorandom number gener-
ator that produced a uniform probability distribution in the
range from zero to one, with the mass of atoms contained in
the atomic plane being altered when the random number gen-
erator produced values less than 0.2.40 In all cases, to elimi-
nate issues associated with poorly known potentials and to
focus on the opportunities presented solely by mass disorder,
the bonding remained that of Stillinger-Weber silicon.

III. RESULTS AND DISCUSSION

The simulated thermal conductivity at 300 K as a func-
tion of mass ratio (pseudomorphically grown layer atomic
mass/silicon mass) is shown in Figure 2 along with the experi-
mental data from reference 12 for silicon (containing its natu-
ral isotopes). Isotopically pure silicon simulated using the
reverse equilibrium molecular dynamics technique shows a
substantial reduction in lattice thermal conductivity when
compared with the experimental data and the EMD simulated
data, due to the artificially reduced phonon mean free paths
provided by the finite size of the simulation box. For the mate-
rials simulated here, thermal conductivities less than 1 W/m-K
were verified to be free of size effects by doubling the length
of the simulated structure in the [001] direction and observing
no change in lattice thermal conductivity.

In the case of the superlattice structure, the thermal con-
ductivity decreases from a size effect limited value of 20 W/
m-K to a value of approximately 0.5 W/m-K as the mass ratio
is varied from 1 to 10. We note that this range is experimen-
tally accessible with the column IV elements Ge (mass ratio
2.6), Sn (mass ratio 4.2), and Pb (mass ratio 7.4). A decrease
in the mass ratio from 1 to 0.1 (noting that C produces a mass
ratio of 0.43 and H a mass ratio of 0.03) also produces a no-
ticeable reduction in the lattice thermal conductivity for the
superlattice structure. In the case of the random alloy, the
reduction in lattice thermal conductivity is found to be similar
to that found in the cases of the superlattice structure.

The results for the random multilayer show a substan-
tially reduced lattice thermal conductivity over both the
random alloy structure and the superlattice structure with

FIG. 1. A schematic of the four silicon like solids explored in this work. (a)
Random multilayer, (b) disordered random multilayer, (c) superlattice, and
(d) random alloy.

FIG. 2. Simulated thermal conductivity as a function of mass ratio for the
indicated silicon based solids at 300 K. Ideal random multilayer (blue), mass
disordered random multilayer (red), random alloy (yellow), and superlattice
(green).
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Si:Ge 1:2.6✦ Lowest κ⊥ for SL with highest Ge content
✦ κ⊥ a function of the SL period

[cf. e. g. Rawat et al: J Appl Phys 105 (2009) 
024909]

✦ Only a small reduction in κ⊥ for random 

multilayers   compared to SL  observed 
due to low mass ratio in the multilayers 
investigated so far

→ With higher Ge content,
    0.1 W K-1m-1 may be expected !

✦ Random multilayers exhibit a decrease 

in κ|| by ≈ 50 % 
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